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SHELLS OF REVOLUTION FREE OF BENDING
UNDER UNIFORM AXIAL LOADING

R. CHICUREL

National Autonomous University of Mexico, Mexico, D.F., Mexico

Abstract-The meridian geometry ofa shell of revolution may be chosen so that, if clamped or simply supported
end conditions exist, neither bending moments nor transverse shear forces will occur anywhere when uniform
axial load is applied. For an isotropic shell, an exact solution for the shell configuration satisfying this condition
is presented. Because of the importance of transverse shear as a cause of delamination in composite materials,
consideration is given to the case of a fiber reinforced shell.
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constants
radius of end cross-section of shell
modulus of elasticity
wall thickness
in-plane meridional normal force/unit length
in-plane circumferential force/unit length
axial compressive force per unit circumferential length of end cross-section
radius of transverse cross-section of shell
principal radius of curvature in meridional plane
principal radius of curvature normal to meridional plane
displacement component in meridional direction.
displacement component in normal direction
axial distance from mid-section
transverse component of displacement
Poisson's ratio
angle between normal to middle surface and shell's axis
d/dljl

INTRODUCTION

THE condition for suppressing bending and transverse shear in a thin shell of revolution
loaded axisymmetrically is that the meridional and normal components of displacement
satisfy the relation

v == -w'. (1)

Equation (1) was given by Murthy [1] and Murthy and Kiusalaas [2] for isotropic shells.
Pao [3] and Chicurel and Wu [4] observed that the condition i& also applicable in the case
of orthotropic shells, where the axes of orthotropy coincide with the meridional and
circumferential directions and where it is tacitly assumed that no coupling between bending
and extension exist in the constitutive equations.
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(7)

(6)

The appropriate equilibrium and stress-displacement equations are:

" , {(N</>rr-Nor1cos</J=O (2)
equlhbnum

N</>r+Nor l sin </J = 0 (3)

I
N</> = - E</>h [~(V' - w)+ VO(v cot </J - W)] (4)

. I-vol'</> r l r 2
stress-displacement

No = ~L[~(v cot </J w)+ v</> (v' - W)]. (5)
1 Vol'</> r 2 r l ,

From the solution of (2) and (3), we have

N =_~ C 1

</> r sin </J ' No = - r1 siu'2 </J'

where C1 is an integration constant. If these expressions are substituted in equations (4), (5)
and if the transverse displacement '1 = w sin </J - v cos </J, together with the bending sup
pression condition (1) is used, two equations with unknowns '1, r, r I' r 2 will result. How
ever, r1 and r2 are easily eliminated by applying the relations

r l = r'/cos</J, r 2 = r/sin</J.

Thus, a pair of differential equations for '1, r will result. These are:

(1 - v</> vo)C 1r'
l'J'r+ vol'Jr ' =

E</>h sin </J

, ,(1- v</>ve)C lr cos </J
1'</>'1 r +1Jr = E h ' 2 ~o sm 'f'

ISOTROPIC SHELL UNDER AXIAL LOAD

The special case of an isotropic shell under uniform axial tension or compression
loading will now be considered. The end conditions will be taken to correspond to simple
supports. However, it should be noted that, since the condition expressed by equation (1)
is equivalent to specifying that the rotation in the meridional plane vanish, there is no
distinction between a simply supported and a clamped edge, so that both conditions are
satisfied simultaneously.

For the isotropic shell, we put v</>= 1'0 = v, E</> = Ee E. If then, equations (6) and
(7) are added, the resulting equation may be written as

(l+v)(l'Jr )'= _(I-V
2
)C I (_._r_)'

Eh sm </J
and, in integrated form,

r = _~I-v)Clr+C (8)
'1 Eh sin </J 2'

If equation (6) is multiplied by v and is then subtracted from (7), we obtain, after dividing
by r',

'1 = Eh ~ I. </J (r cot </J +vr').rsm
(9)
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The expression for IJ given by equation (9) may be inserted in equation (8) to arrive at a
single differential equation for r which, after some manipulation, may be put in the form

C ( 1)' ( 1 )'E~ rsin cP - Cz 2rz = o.

Integrating equation (10) produces a quadratic equation in r, whose solution is:

(10)

(11 )1( C1 J( C1 )Z 2Cz)
r ="2 C

3
Eh sin cP + C

3
Eh sin cP - C

3
'

where another constant of integration, C3' has been introduced.
At an end, we specify r = a, cP = cPo and IJ = O. Applying these conditions to equations

(8) and (11) permits evaluation of the constants C1 and Cz in terms of C3 • In this manner,
equation (11) becomes, after some rearrangement:

r= ~. cP{sincPo±JsinZcPo-(I-VZ)SinZcP}. (12)
(I+VSIO

Substituting cP = cPo in equation (12) will reveal that r = a will result only if a plus sign
before the radicand is accepted. Therefore, the minus sign will be ignored hereafter.

It may easily be shown that the only values of cP which yield IJ = 0 are cPo and
[(nI2) - cPo]. In either case, r = a. Noting also that the expression for r given by equation
(12) is an even function of cP about cP = n12, it is apparent that the only possible configura
tion is one with a plane of symmetry about the cross-section cP = n12.

In order to avoid complex values of r, it is clear from equation (12) that the minimum
value that sinz cPo may have is (1- v2

), or:

cos cPo .::;; v. (13)

If v = t, cPo cannot be less than 70·55°.
Now let y represent the axial distance from the mid-section, measured positively in the

direction in which cP decreases. Then:

y' = r1sin cP = r' tan cP· (14)

Substituting for r in equation (14) by use ofequation (12) produces the following expression
for y':

, -asincPo { sin cPo }
y = . 1+-r~==:====~=~

(l+v) sm cP JsinzcPo-(I-vZ)sinzcP

which may be integrated to give:

asincPo { I ( cP) . h-1( sincPocotcP )}y = - n tan - + sm .
(1 +v) 2 Jvz-coszcPo

(15)

Equations (12) and (15) represent parametric equations of the meridian curve where rand
y may be considered cartesian coordinates and cP a parameter. For each value of cPo
chosen, a shape will be obtained. Figure 1 exhibits some of these shapes. The end radius, a,
was kept constant for all values of cPo.
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Shell's OX IS ----.. I
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FIG. l. Meridian geometry of axially loaded shells of revolution for bending suppression, v = ~.

An expression for the meridional radius of curvature may be found by integrating
r1 = r'/cos ¢ after r is put in terms of ¢. The result is:

(16)

If q represents the intensity of uniform axial compression applied at the ends of the
shell, ~hen at ¢ = ¢o we have

N</>sin¢o = q. (17)

From the expressions for N </>, No written after equation (5) and from equations (12), (16)
and (17) one can arrive at the following equations expressing the meridional variation
of N4>' No:

N _ -(1 +v)q
4> - --:si-n-¢-0-+-Jls=i=n~2=¢=0=-=(=1=-=:v2"')=s::=in=:;2C==¢

-(1 +v)q

(18)

(19)
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FIBER REINFORCED AXIAL LOAD MEMBER
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(20)

(21)

Since transverse shear is absent in the configurations considered in this study, the dis
cussion is of particular interest in regards to composite materials susceptible to delamina
tion [3, 4]. This motivated the examination of a fiber reinforced shell with alternating
layers of axially and circumferentially oriented fibers. The density of the axial fibers would
vary inversely with r, while it is assumed that the density of circumferential fibers is con
stant. If, then, the Halpin-Tsai equations [5J for the equivalent elastic constants for the
laminate are employed, it is not difficult to show that E<jJ' Eo, v<jJ would be functions of r
of the forms:

E<jJ = A 1 +BrJr

Eo = A2+B2(rr~~)
v<jJ = A3 +B3/r (22)

Vo = Eov<jJ/E4> (23)

where the A's, B's and C are constants. Substitution of the expressions given by equations
(20-(23) into equations (6) and (7) results in a set of differential equations for r, '1 which
could be integrated numerically to yield the bending free geometry.

CONCLUDING REMARKS

Figure 1 shows that, by varying cPo, a shell of any length to end diameter ratio may be
obtained. Thus, long members could be used to form bar-type structures. It is to be noted
that the mid-section diameter has a finite limit as the length approaches infinity.

For an intuitive grasp of the problem examined in this study, it is helpful to imagine a
thin rubber membrane which is initially cylindrical and has rigid disks attached to the
ends. If it is stretched by pulling the ends apart, a configuration similar to the curves of
Fig. 1 will result. In fact, if the initial proportions of the cylinder and the amount of stretch
is properly chosen, one could obtain a configuration as predicted by the present formula
tion. A verification of the theoretical expressions for N4>' No and '1 for the isotropic shell
has been made by numerical integration [6J. Some of the results are shown in Table 1.

Numerical results for orthotropic shells under axial compression plus internal pressure
have been presented in an extension of the present study [7]. Another related study being

TABLE 1. RESULTS FOR SHELL WITH a = 5·3282 in., h = 0·020in_, 4>0 = 75°, v = 0-33, E = 107 psi,
q = 1001b/in.

4>
(deg.)

75
80
85
90

Analytical solution

o
-1-559
-2-670
-3·087

Numerical solution

o
-1-559
-2-668
-3·086

Analytical solution

-103-57
-108·29
-112·02
-113-45

N",
(lb/in.)

Numerical solution

-103-53
-108-19
-11I-88
-113·30
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carried out consists of theoretical and experimental evaluations of buckling loads for
these shapes for the purpose of assessing the effect of suppressing pre-buckling bending
on buckling strength. Studies such as that of Almroth [8J have established the fact that
shell buckling analyses based on assuming a membrane pre-buckling state overestimate
the buckling load as compared with more exact calculations which allow a bending pre
buckling condition. However, the configurations considered in the present investigation
would, in fact, be free of bending in a pre-buckling condition. Hence, the buckling loads
predicted by membrane pre-buckling analyses would not, in this case, include such over
estimation.

Acknowledgements-This research was supported by the Department of Defense, Project THEM IS, contract No.
DAA F07-69-C-0444 with Watervliet Arsenal, Watervliet, New York, while the author was affiliated to Virginia
Polytechnic Institute, Blacksburg, Virginia.

REFERENCES

[IJ M. V. V. MURTHY, Shells of Revolution Free from Bending Under Uniform Hydrostatic Pressure, M.S. thesis,
Department of Engineering Mechanics, Pennsylvania State University (1965).

[2J M. V. V. MURTHY and J. KIUSALAAS, Toroid-type shells free of bending under uniform normal pressure.
J. Franklin Inst. 282, 232 (1966).

[3J Y. C. PAD, Momentless design of composite structures with variable elastic constants. J. Composite Mater.
3,604 (1969).

[4J R. CHICUREL and Y. Wu, Shell configurations to suppress bending. J. appl. Mech. 37,201 (1970).
[5J J. E. ASHTON, J. C. HALPIN and P. H. PETIT, Primer on Composite Materials: Analysis, p. 77. Technomic

(1969).
[6] S. KULKARNI, unpublished work (1970).
[7J S. KULKARNI, R. CHICUREL and D. FREDERICK, Some Orthotropic Shells of Revolution with Bending

Suppressed, presented at the Fifth St. Louis Symposium on Advanced Composites (197\).
[8J B. O. ALMROTH, Influence of Edge Conditions on the Stability of Axially Compressed Cylindrical Shells,

NASA CR-161 (1965).

(Received 14 December 1970; revised 10 January 1972)

A6cTpaKT-MolKHo TaK Bbl6paTb reOMeTpl11O Mepl1,Lll1aHa 060JlO'leK BpaIl.[eHl1l1 JlJllI KpaeBblX YCJlOBI1I1
IIpJlHOrO 3aIl.[eMJleH1111 11 cB060,LlHOrO OIIl1paHl1l1, 'ITO He 6YJlYT IIOllBJllITCll Hl1r,Lle HI1 MOMeHTbI 113r116a,
HI1 IIOrrepe'lHbIe CI1JIbI cJ:\Bl1ra, J:\JIlI CJIy'lall rrpl1JIOlKeHHOH paBHoMepHoH oceBOH Harpy3KI1. )laeTclI TO'lHOe
peWeHl1e J:\JIlI 1110TPOIlHOH 060JIO'lKI1, KOTopoe yJ:\OBJIeTBOplleT YCJlOBI1IO KOHqll1rypaUl111 060JlO'lKI1.
)laeTclI BHI1MaHl1e J:\Jlll 060JlO'leK, YCI1J1eHHbIX BOJlOKHaMI1, BcnenCTBHe BalKHOCTI1 1l0HepenHbiX C1\Bl1rO B
KHK I1PI1J11l11hl p'ICCHl\eJIIlll h CHOI1CMhlX MHMepH1iX.


